APPLIED MATHEMATICS-1

Mumbai University Dec 2017 (CBCS) solutions.

Q.1) Answer the following

3i
1a) Separate into real and imaginary parts of cos'l(z).
3i
Ans. Leta +ib = cos'l(z) (1)

] 3i
.. cos(a+ib) =—
4

. : o 31

.". cos(a)cos(ib) — sin(a)sin(ib) = "

3
cos(a)cosh(b) — isin(a)sinh(b) = O+Zl {*+ cos(ix)=cosh(x), sin(ix)=sinh(x);}
Comparing Real and Imaginary terms on both sides,

3
cos(a)cosh(b)=0 ..(2) & -sin(a)sinj(b) = " wr(3)
From (2), cos(a)=0 or cosh(b)=0,

T
L a=— ..(4)

2
From (3) & (4), -sin(g)sinh(b) =%

. . —3
. 1.sinh(b) =

E sinh'l(_T?))

Dec 2017

(20 marks)

(3 marks)




APPLIED MATHEMATICS-1
Dec 2017

-log () +

| 1
=|log—
g2

=log2™*
."b =-log2 ....(5)
Substituting (4) & (5) in (1), cos'l(%i) = g —ilog2

Comparing Real and Imaginary terms on both sides,

Real part= a=

N 1A

Imaginary part = b =-log2

+iy —B+id

e |«
1b) Show that the matrix A is unitary where A = [ﬁ +is a—iy

is unitary if

By +6% =1 (3 marks)

Ans: Az[a +iy —f+ 15]

p+i6 a-—iy

,AT_[a'+iy ﬂ+i6]
YT+ i5 a-—iy

0T [a—iy ,B—iS]
-4 _A_[—,B—k? a+ iy

Given, A is Unitary

L AA%=1
,[a+iy —,B+i5]x[a—iy ,B—iS]_[l 0
IB+is a—iy [T[-p—-i5 a+iy]llo 1

[let+iy)(a—iy) + (=B +i6)(=p —i8) (a+iy)(B—id)+ (=B +id)(a+ i)/)]:[l o
B+id)a—-iy)+(a-iy)(=f—i6) B+iH)B-id)+(@—-iy)a+iy)l 0o 11~
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Consider,
(a+iy)(a—iy)+ (=B +i6)(—B — i6)=a%—- iV + B2 - 6

(a +iy)(a —iy) + (=B +18) (=B — i8)= a’+B’+y*+6”

And, (a+iy)(B —i8) + (=B +i8)(a + iy)=(aB — iad + iBy — i’y8) + (-ap — iBy +iad + i’y8) =

Similarlly,
(B +i8)(a—iy) + (@ —iy)(=B —i6)=0

(B +i8)(B —i8) + (a — iy)(a + iy)= o*+p*+y*+8
Substituting (2),(3),(4)&(5) in (1),

a?+ % +y?+ 52 0 ]_[1 0]
0 a?+p2+y?2+621 1o

Comparing corresponding terms, we get,

o +BAy2+8%=1

%z %z
32 then show that — = az—

1c) If z = tan(y + ax) + (y - ax) axz " gy2

Ans: z=tan(y +ax)+(y- clx)3/2

d 3
Differentiate partially w.r.t.x, £= secz(y +ax)-a+ E(y - ax)l/z-(—a)

. 0z 2 3a 1/2
S.—=asec(y + ax) - —(y - ax
P (v +ax)-—{y - ax)

Again, differentiate partially w.r.t.x,

2

ox 2

= 2a’sec’(y + ax)- tan(y + ax) - —a (y ax)’ 12

e [Zsec (y + ax) tan(y + ax) — —(y —ax) ]

d 3
Differentiate (1) partially w.r.t.y, £= secz(y +ax)1+ E(y - c:x)l/2

2

d 3
Again, differentiate partially w.r.t.y, ﬁ= Zsecz(y + ax)- tan(y + ax) - Z(y - ax)'l/ 2
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9%z  ,0%z
From (2)&(3), Pk a 3y2

1d) If x=uv, y=%. Prove that JJ’=1.

Ans:  x=uv (1)
dx
Xy= g—z =v and Xy = _v =u .(2)
u
And, y= ; (3)
. dy 1 dy -1
_yuzazg and yvzazuv—2 ...(4)

_0xy) _ |xu Xy
o) I W

= Xu Yv-Xv Yu

-1 1
=VU—Z - U= ..(From 2 & 4)
v v

-u

(% v

-2U

v
R RAY, ...(5)
From (3), u=vy ..(6)

Substituting ‘u’ in (1) we get, x= (vy)v

x
Z_\2
y

Vx
Lv=— =x1/2y1/2 (7)

y
1 -1

vy = y'l/z'z x 2 and Vy = x1/2-7 y >/ ..(8)

From (6) and (7), u=(x/2y~1/2)y

LU= xl/zyl/2
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. 1/2 1/2 1 -1/2
U=y’ and Uy =X -Ey ..(9)
d(u,v) juy uy|
Ca(xy) IVx Wy
= vay - UyVX
_ -1 _ _ _ 1 _
_ (y1/2 L 1/2) (x1/2 y 3/2) _ (x1/2 =y 1/2) (y 1/2 . 7 X 1/2) ..(From 8 & 9)
-1 1,1 13 -1 11 -11
=—x 2 2-y2 2 -TxZ Z-yZ 2
-1 1
N e |
4 4 Y
_72 1
4
Joot 10
=% ...(10)
, -1
From (5) and (10), J-J'=-2y —
2y
s =1
h i
1e) Find the n*" derivative of —— . 4 marks
) (x+1)(x-2) ( )
x3 x3

Ans: Let y = =
y (x+1)(x—=2) x2—x-2

Xx+1
Consider, x?> —x — 2 >x3 +0x?+0x+0

x3 —x? —2x

X2 4+2x+0
x> —x—=2
3x+2

3x+2

Soy=x+ 14—
¥ x2—x-2
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o 3x+2

Y D -2)
1/3  8/3

(x+1) (x-2)

Soy=x+1+4 (By Partial Fraction)

Taking n™ order derivati osoet LD 8 ot 17 (DT
aking n- oraer derivative, =0+0+— - +-—-
g Yn 3 (x+1)n+1 3 (X—Z)n'l'l

1 _ nla™(-D"
{Ify " ax+b then In = (ax+b)"+1}

_nl(-)" [ 1 8 ]
¥n = 3 (x+1)n+1  (x-2)nt1

1f) Using the matrix A = [:} ﬂ decode the message of matrix C = [_44 141 192 :Z

(4 marks)
Ans: Encoding Matrix A = [:i ﬂ (1)
. 74 11 12 =2
Given, C= [_4 4 9 —2
Step 1:

Writing the numbers in C matrix column wise gives the encoded message.

.. Encoded Message =4 -4 11 4 12 9 -2 -2

This Encoded message is transmitted.

Assume there is no corruption of data, the message at the receivingendis4 -4 11 4 12 9 -2 -2

This message is decoded

Step 2;

1 [d -b
We know, if P = [Ccl Z] then P1=— [ ]

Pll—c a
From (1), |Al=-1+2=1 (2)
4 11 =2
.". Decoding matrix A~ = I 1 1 (From 2) ..(3)
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4 11 12 -2

1~ _ 1 -2
From (2) & (3), A C_[l _1]X -4 4 9 =2

.K%=P+8in—8 12—-18 —-2+4
o 444 11-4 12-9 —-2+42
.. 12 3 6 2

"AC'[8 7 30
Step 3:

Considering the numbers column-wise we get,

12837-6320

Decoded Message =12837-6320or [12 3 6 2]

8 7 3 0

Q.2)
2a) If sin*0cos’0 = acosO + bcos30 + ccos50 + dcos70 then find a,b,c,d.
. eiB_e—iB ei6+e—i9
Ans: We know, sin@ =————— and cosf =——— (1)
21 2
' W L elf_emi0  Lifyo—if
Consider, sin"Bcos™0 = - X (From 1)
21 2
1 . . , . ; ,
— Syever X (ela _ e—LG)(ele _ e—16)3(ele + 8—19)3
1 . . . ,
=~ x (ei® — ei9) [(ela)z r (e“9)2]3
1 . . . a3
— ? X (ela _ e—LG)[(eZLH) ™ (8—216)]
1 , ! , . , . . ;
= X (ei® — ei0) [(e2‘9)3 _ 3(6219)2(8—219) + 3(6219)(6—219)2 _ (8—219)3]
=i X (eie - e—ie) [e6i6 _ 30210 4 3p-2i0 _ e—6i6]
27
=i X [e7i9 _ 3€3i9 + 38—i9 _ e—5i9 _ eSiH + 3ei9 _ 39—31'9 + e—7i9]
27

1 1 1 1
=—— x2c0s70 -—— x 2c0s50 - —— x 6c0s30 + —— x 6co0sO
128 128 8

[(e7i0 + e—7i9) _ (eSiB + e—5i6) _ 3(631'9 + e—3i9) + 3(61'6 + e—iﬁ)]

Dec 2017
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4 5. 3 3 1 1
.".sin"Bcos 0 = —coso - acos38 -—c0s50 + —cos70 -(2)
But, given, sin*Bcos = acosO + bcos36 + ccos50 + dcos70 ..(3)
C ing (2) & (3 S atglt
omparing (2) &(3), |a=_" b=ric=rid=—

2b) Using Newton Raphson method solve 3x — cosx — 1 = 0. Correct upto 3 decimal places.
(6 marks)
Ans: Let #(x) =3x—cosx—1
Sf(x) =3 +sinx-0
When x =0, £(0) =3(0) —cosO—-1=-2
When x =1, 7 (1) = 3(1) — cos1 — 1 = 1.4597
.. Roots of 7 (x) lies between 0 and 1.

Let initial value xg=0

f)
By Newton-Raphson’s Method xp4+1 = X, - %
X

3xp—cosxy—1
=X LT
3+sinxy,

Xn(3+sinx,)—(3xy—cosx,—1)

3+sinxy,

3xXp+xXnSinxy,—3xp+cosxy+1
3+sinxy,
XpSinx,+cosxy+1

e Xpaq = (1
n 3+sinxy, (1)

Iteration 1: Putn=0in (1)

. XoSinxg+cosxg+1 0+cos0+1
- X1 = ; = ; =0.6667
3+sinxg 3+sin0

Iteration 2: Putn=11in (1)

X1Sinx;+cosx1+1 0.6667sin(0.6667)+cos(0.6667)+1
Xy = - = - =0.6075
3+sinx, 3+sin(0.6667)
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Iteration 3: Putn=2in (1)

. X5S8inx,+cosx,+1  0.6075sin(0.6075)+c0s(0.6075)+1 0.6071
. X2 = = =0.
3 3+sinx, 3+sin(0.6075)

Iteration 4: Putn =3in (1)

. X3Sinxz+cosxz+1 0.6071sin(0.6071)+co0s(0.6071)+1
0.6071
- Xg = = =0.
4 3+sinxs 3+5in(0.6071)

Hence, Root of 3x —cosx—1=0is 0.6071

2¢) Find the stationary points of the function x*+3xy*-3x*-3y’+4 & also find maximum and
minimum values of the function. (8 marks)
Ans: Let £(x,y) = x>+ 3xy’*- 3x°- 3y*+ 4 (1)

.‘.fX=3x2+3y2-6x—0+0

Sor=fFw=6x-6 (2)

Also, £y=0+6xy—0-6y+0

Sot=fyy=6x-6 (3)

Sos=fy=0+6y-0 ..(4)
Put /=0 and 7y, =0

S3x%+3y°-6x=0

St +yi-2x=0 ...(5)
And, 6xy—6y=0
Soey(x-1) =0

S.y=0o0r x=1

Case |l : Whenx=1
From (5), 12 +y*—2(1) =0

SoyP-1=0
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Case ll: Wheny=0
From (5), x> +0—2x =0
SoxX(x-2)=0

S.ox=0 or x=2

.". Stationary points are (1,1);(1,-1);(0,0);(2,0):

(i)At (1,1)
From(2),r=6(1)—-6=0

.. f is neither maximum or minimum at (1,1)

(ii)At (1,-1)
From(2),r=6(1)—-6=0

.. f is neither maximum or minimum at (1,-1)

(iii)At (0,0)

From (2),r=6(0)—6=-6<0
From (3),t= 6(0)—-6=-6
From (4),s=6(0) =0
Sort—s?=(-6)(-6)—0=36>0
'+ # has maximum at (0,0)
From (1), Maximum value of 7

. £=(0)° +3(0)(0) - 3(0)> - 3(0)* + 4 = 4

Dec 2017
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(iv)At (2,0)
From (2),r=6(2)-6=6<0
From (3),t= 6(2)-6=6
From (4),s=6(0)=0
Sort—s?=(6)(6)—0=36>0
'+ # has maximum at (2,0)
From (1), Minimum value of 7
SF=(2)° +3(2)(02-3(2)° - 3(0)° +4=0
Hence the function has
Maximum at (0,0) and Maximum value = 4
Minimum at (2,0) and Minimum value =0
Q.3) (20 marks)
x%  7xt
3a) Show that xcosecx=1+—+—+... (6 marks)
6 360
Ans: LHS = xcosecx
X
~ sinx
X
- x3 x5 x7
ERETRTTY
X
- x2 x4 x6
X(l— ?'F?— 71 )
-1
x2  x* | x®
[ G55--)
x2  x* | x® x2  xt, x6 g _
=1+(§_ﬁ+ﬁ_ >_|_ (?_ﬁ-l_ﬁ_ ) + .- { (1—}/) 1 1+y+y2 _|_y3+...}
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2 x4-
= —_—+—
6 360
. x?  7x*
C.xcoseex=1+—+—+
6 360
3b) Reduce matrix to PAQ normal form and find 2 non-Singular matrices P & Q.
1 2 -1 2
2 5 -2 3 (6 marks)
1 2 1 2
Ans: Azya = I3x3 X Azxa X laxa
1 000
[12—12][100 0100
2 5 =2 3|=(0 1 O|A
12 1 2l lood (0010
0 001
1 00O
1 2 -1 2 1 0 O 0100
R2—2R1;R3—Ry; - 01 0 -—-1|=[-2 1 0]A
o0 2 o0 -1 01 |0010
0 0 01
1 -2 1 2|
100 011 00] [g 1 0 o
C2-2C1;C3+C1;Cs—2C1; = 0 1 0 —-1|=|1-2 1 Of|A
o002 ol l-1 0 1 |0 1
0 0

CotCaile 9[3?88“123’8]“01
4+ C2;-Cs =|-
2 0010 -1 0 1l |0 0 12
0 0 0 1
LHS is the required PAQ form .
1 -2 1/2 -4
1 00 01 0 1
Here, P=|—-2 1 0] and Q=
1 0 1 0 0 1/2 0
0 0 0 1
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3c) If y=cos(msin™x). Prove that (1-X*)yn.2 — (2n+1)Xyp.1 + (M*-n%)y, = 0.

Ans:y = cos(msinx) (1)

1
Differentiating w.r.t. ‘X, y1 = -sin(msin™x)-m-
g Y1 ( ) Vi—x2
V1 — x2-y1 = - msin(msin-1x)
On Squaring, (1-x*)y1*=m’sin’(msin'x)

S (1-x%)y2=m? [1 = cos?(msin~1x)]

(15)yi2=m? [1 = y2] (From 1)

Again differentiating w.r.t. X, (1 —x%)2y1y + y1% (-2x) = m%(0 — 2yy1)

S (1=x)y2—xyp = -m’y (Dividing by 2y;)

Applying Leibnitz theorem, {y, = u,v + nu,_1v; + "Coty_yv; + "Catp_3v5 + -+ }

-1
(1 = )iz + 1(=200ym1 + 252 - [naa + 13] = -my,

n(n-1)
2!

(1 - XZ)Yn+2 + n(_zx)yn+1 + " XYn+1 — NYn + mzyn =0

N xz)yn+2 — XYn(2n+1) + (-n2 +n—n+ mz)yn =0

(1—x2)yn+2 —(2n+1)Xypn41 + (mz—nz)yn =0.

Q.4)
4a) State and Prove Euler’s Theorem for three variables.

Ans: Euler’s theorem:

Dec 2017

(8 marks)

(20 marks)

(6 marks)

Statement: If ‘u’ is a homogenous function of three variables x, y, z of degree ‘n’ then Euler’s theorem

States that

ou ou ou

— — Z_ —_—
X ox + yay + py nu
Proof:

Let u = £(x, y, z) be the homogenous function of degree ‘n’.
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LetX=xt,Y=yt, Z=1zt

R g g 0

PR

Att=1, 2)

X=x,Y=vy,Z=2

oo o _or or_ 0y 5

"ax  oax’ ay oy’ 9z oz
..(4)

Now, #(X,Y,Z)=t"#(xy,2)

'.‘f 9 Xerzexlyert
of 0x ~ 0f 0y Of 0Z i
f. f. _f._=ntn 1f(x’y,z)

Differentiating (4) partlallyw.r.t.t,a—X 5t Tar 2t 3z aa

O OO
iy x+ay y+az z=n()" " f(x,y,2) (From 1,2 & 3)

. Ju ou ou __
. xa+y@+zg—nu

2k+1
4b) Show that all roots of (x + 1)° + (x - 1)® = 0 are given by -icot% where k=0,1,2,3,4,5.

(6 marks)
Ans: (x+1)°+(x-1)°=0
Sx+1)°=-(x-1)°
C (e+1)®
C(x-1)6
x+1\8 . .
(E) =e'™ { e'™ = cosm + isinm = —1+i(0) = —1} (Principal value)

6
x+1 .
(_) = el(m+2km)  y=01 2 3,4,5 (General Value)

x—1
x+1 .
I - pim(1+2K)/6 ..(1)
x—1
m(1+2k)
— (2)

Let 20
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x+1 .
. From (1) & (2), — = %%
x—1
- 4o — Dividend (x+1)+(x—-1) ei2041
C omponendo — endo, = —
Y P ! (x+1)—(x-1) ei20—1
2x etfeif+e~10]
P elf[eif_c-i0]
2cos0 ; elf_g—ib elf ye—io
X =— { sin@ = ——— and cosf = —}
2isin@ 21
1
. X=—cotO
i
) . (@2k+1)n
. x=-Icot———— | (From 2) where k=0, 1,2, 3,4,5

4c) Show that the following equations: -2x+y+z=a,x-2y+z=b,x+y-2z=chaveno

solutions unless a +b + ¢ = 0 in which case they have infinitely many solutions. Find these

solutions when a=1, b=1, c=-2. (8 marks)

Ans: Part |:
-2x+y+z=a
X-2y+z=b
X+y-2z=c

Writing the equations in the matrix form,

= i

1

-2 1 1]rx a

Rs+(R1+R;) > [ 1 =2 1]- yl=l b ] (1)
0 0 0O

-2 1 1] a

Augmented matrix [A|B] = [ 1 -2 1 b
0 0 Ola+b+c

Number of unknowns=n =3

Rank of A (ra) = Number of non-zero rows in A =2
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Case I: No Solution
For which, ra < rag
This is only possible, when ‘a+b+c#0’ upon which,

Rank of [A|B] = (ras) =3

Case ll: Infinite Solution
For which, ra=rag<n (i.e. < 3)
This is only possible, when ‘a+b+c=0" upon which,

Rank of [A|B] =rag =2

Partll: Puta=1,b=1,c=-2,in (1)

-2 1 1]x 1

[1 -2 1 -lyl= 1

0 0 o1tz! 1o
-2 1 1]x 1

R2—Ry; > [3 -3 0]- yl= 0 ..(2)
0 0 oltzd 1o

Here,n—r,=3-2=1
We have to assume one unknown.

Lety =t (#0)

On expanding (2),3x—-3y =0
“x-y=0

Sox=y=t

And, -2x+y+z=1
Se2t+t+z=1

Soz=1+4+t

Hence, the solution is

x=t,y=1,z=1+t (Infinite Solution)
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Qs)
2 2 2 2
. dz dz _ (0z 1 /0z
5a) If z=f(x.y). x=r cos 0, y =r sin 0. prove that (ax) + (ay) = (ar) + 2 (00)
(6 marks)

Ans: x=rcosB andy=rsin0 (1)
Diff tiati tiall t. ‘0. 9x ea—y— 0; 2

ifferentiating partially w.r. EY: =-rsin 50 rcos (2)
Diff. tiati tiall tr ox_ e-a—y— in@ 3

ifferentiating partially w.r.t.” r’, ar—cos ; ar—sm (3)
Now,z > x,y—>r, 0

y Chain Rule, or ox ar ay 6r
Y. ~ ,
--ar—cos ax+sm 3y (From 3) ..(4)
Similarly. By Chain Rul 62_62 ox 0z O0dy

imilarly, By Chain Rule, = axxae ayxa‘9
. 0z 0 0z + 0 0z ‘ 5 .

‘30 =-rsin o rcos 2y (From 2) ..(5)

0z 1 [0z 2
RHS = (ar) +rz(£)

0z 92\ 2 1 0z 92\ 2
= (cose — + sin@ —) F%— (— rsin@ — —+ rcos® —) (From 4 & 5)
0x oy 2 0x oy

2 2 2
= c0s%60 (a_z) + 25in0°% . cos0 2 + sin?0 (6_2) + sin?6 (Q) — 25in0%% cos0 2 +
dx dx ay ay ox x ay

0z 2
cos?6 (—)
ay

(Zx)z (cos?0 + sin?0)+ (Zy) (cos?0 + sin’0)

() +()
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= LHS

0z 2 0z 2 0z 2 1 [0z 2
Hence, (a) +(5) —(5) +rz(£)

5b) If coshx = secB prove that (i) x = log(secB+tan®). (ii) 9=§tan'1(e‘x)

Ans: (i) coshx = secB

eX+e™* X p—X
’ =secHO { coshx = € -|-2e }

coeX + e—lx = 2secl
~(e¥)? 4+ 1 = 2seche”
~(e¥)? —2secfe*+1=0

x 2secO+V4isec20—-4 . —b+Vb2-4ac
e’ = > Usmg,x = T

oX — 2secO+./4(sec?6-1)
2

x 2secO+2tanf
¥ =
2

. e¥ =secH + tanb
Considering only positive root,
. e* = secl + tanf

. x = log(secB+tanB)

1 sin@

cos@ cos@

(ii) From (1), * =

. _x _ 1l+sin6
et =
cos@
1 cos@

“eX  1+sin@

(1)

Dec 2017
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_ sin(g—e)
s e = 7
1+cos(5—9)
Puta=§— 6 (2)
—x sina
o 1+cosa
— 2sin(a/2)cos(a/2
e X = (@/2)cos(a/2) {~ 2sinAcosA = sin24; 1 + cos2A = 2cos?A}
2cos?(a/2)
~eX =tan (g)
2

~tan~(e 1) = %
~2tanH(e™) = a

s 2tan1(e™Y) = %— 6 (From 2)

" 9=§ - 2tan” (e 1)

5c) Solve by Gauss Jacobi Iteration Method: 5x -y +z=10,2x+4y=12,x+y+5z=-1.
(8 marks)
Ans: From 1* equation, 5x =10 +y —z
x=% (10+y-2)=0.2(10 +y - 2)

Similarly,
From 2"%equation, x + 2y = 6

R 2y=6—x
1
y=7 (6 —x) =0.5(6 — x) and,

z2=02(-1-x-y)=-0.2(1 +x+Yvy)
Iteration 1:

Put Xo=Yo=12p
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@ xX1==02(10 +yo—20) == 0.2(10+0-0) =2
“y1=0.5(6—x0) = 0.5(6—0) = 3

~27=-0.2(1+X%9+Yo)=-0.2(1+0+0)=-0.2

[teration 2:

Putx;=2;y1=3;2,=-0.2

s~ x2=0.2(10+y; —2;)=0.2(10+3 +0.2) = 2.64
~y2=0.5(6-x;)=0.5(6-2)=2

n2=-02(1+x+y1)=-02(1+2+3)=-1.2

Iteration 3:

Putx,=2.64;y,=2;2,=-1.2

~x3= 0.2(10+y,—-2;)= 0.2(10+2=1.2)=2.64
~y3=0.5(6—-x;) =0.5(6 —2.64) = 1.68

n23=-02(1+x,+y,)=-0.2(1+2.64+2)=-1.128

Iteration 4:

Put x3 = 2.64; y; = 1.68; z3=-1.128

~ X4 =0.2(10 +y3 —2z3) =0.2(10 + 1.68 = 1.128) = 2.5615
~y4=0.5(6—-x3)=0.5(6 —2.64) = 1.68

2 24=-0.2(1 +x3 +y3) =-0.2(1 + 2.64 + 1.68) = -1.0640

[teration 5:

Put x4 =2.5616; y, = 1.68; z, =-1.0640

= x5 =0.2(10 +y,—24) =0.2(10 + 1.68 + 1.0640) = 2.5488
% ys=0.5(6 —x4) =0.5(6 —2.5616) = 1.7172

. 25=-0.2(1 + Xq +ya) =-0.2(1 + 2.5616 + 1.68) = -1.0483
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Iteration 6:

Put x5 = 2.5488; ys = 1.7192; z5 =-1.0483
~Xe = 0.2(10 +ys —z5) = 0.2(10 + 1.7192 + 1.0483) = 2.5535
Vg =0.5(6—Xs) = 0.5(6 — 2.5488) = 1.7256

26=-0.2(1 +xs +ys) = -0.2(1 + 2.5488 + 1.7192) = -1.0536

Iteration 7:

Put xg = 2.5535; yg = 1.7256; z¢ = -1.0536
~ x7=0.2(10 + yg — z6) =0.2(10 + 1.7256 =1.0536) = 2.5558
~y7=0.57(6 —x¢) = 0.5(6 — 2.5535) = 1.7232

. 27=-0.2(1 + X6 + yg) = -0.2(1 + 2.5535 + 1.7256) = -1.0558

Iteration 8:

Put x7 = 2.5558; y; = 1.7232; z; = -1.0558
~ xg=0.2(10 +y; —z7) =0.2(10 + 1.7232 =1.0558) = 2.5558
~yg=0.57(6 —x7) = 0.5(6 — 2.5558) = 1.7221

. 27=-0.2(1 +Xg + ye) = -0.2(1 + 2.5558 + 1.7232) = -1.0558

Hence, by Gauss Jacobi Iteration Method, the solution is

x=2.5558,y=1.7221,z=-1.0558
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Q.6)
x3 x5
6a) Prove that cos™[tanh(log x)] =t — Z(x —3 + 5 )

sinh@
cosh@

Ans: We know, tanhB=

_(e9—e‘9)/2

~(eP+e~9)/2
ef—e

ef+e—0

-0
.. tanhB =

Put B6=log x, ..(1)

elogx_e—logx

..tanhUOgX)=eLOQX+e—Jogx

elogx_elogx_1

T plogxyplogx~1

x—x"1

x+x~1

_x(1-x7?)
T x(1+x72)

..(2)
Lety=cos4ﬁanhUong

1

(From 2)

[1-x"2
= cos

[14+x~2
(1-(x~1)7?
[ 1+(x—1)~2

= cost

Put x'=tan®
. L (1-tan?6
Y (1+tan29)
= cos *(cos26)
=20

1
=2tan4(—) (From 1)
X
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= 2cot’x
= 2(— — tan 1x)
= 11— 2tan’x
x3 x5
a2 )
3 5
. x3  x°
Hence, lcos *[tanh(log x)] = T — Z(x — 3 + 5 )
6b) Ify = ezxsingcosgsinSx . Find y,,. (6 marks)
2x X X . 2
Ans:y = e“*sin—-cos=sin3x x—
2 2 2
1 . .
== e?x [st (g)] sin3x { 2sinAcosA = sin24}
1 . . 2
=-e?*sinxsin3x x—
2 2
1
=5 e?*[cos(3x — x) — cos(3x + x)] (- 2sinAsinB = cos(A — B) — cos(4 + B)}
1
Ly=g [e?*cos2x — e**cos4x]
Taking n'" order derivative, y, = Z {ﬂ (e**cos2x) — A (eszOS4x)} (1)
» I 4 Laxn dxn
We know, If y = e®cos(bx + ¢) , yn = r"e®™cos(bx + ¢ + n®) .(2)
Herea=2,c=0,b;=2andb,=4
Sor=ya? + b2 =22 +22=+/8=8Y2 andr,=/a? + b? =v22 + 42 =+/20 = 20%/? (3)
b 12 T b 12 1
And, @, = tan' 2 =tanZ =tanl1=— & @, =tan2=tan 12 _tan= ..(4)
a 2 4 a 4 2

.. From (1),(2),(3) and (4),

Y. =%{(81/2)"32x cos(2x + 0 +n@,) + (ZOl/Z)nezxcos(4x + 0+ TL@Z)}

1
Sy= ier [8”/2 cos (Zx + 71—”) + 20™2cos(4x + n@z)] where @2 = tan‘i
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6¢) (i) Evaluate lim,_(cot x)5"*, (4 marks)
. sin(x+iy)] Cmee -1
(ii) Prove that Iog[—sin(x_iy) = 2itan"(cot x tanh y). (4 marks)

Ans: (i) LetL=lim,_q(cot x)S"*
"+ logl = log{lim,_,o(cot x)5"*}
=lim,,_,o{log(cot x)S"*}

=lim,_,, sin x - log(cot x)

. log(cotx) co
- hmx_)o cosec x ™
00

1 2
———cosec“x
cotx

=]lim Lot
x>0 _cosec x cot x

(L’ Hospital’s Rule)

1

=lim,_,tanx - -tan x

sinx

1 sinx

=lim tanx -
x>0 sinx cosx

1
cosO0

=tan 0 x

S.loglL=0

L=e"

~dim, o (cot x)ST* =1

(ii) Consider, log[sin(x+iy)]=log[sin x cos(iy) + cos x sin (iy)]
. log[sin(x+iy)]=log[sin x cosh y + icos x sinhy]  {~cos(ix)=cosh x; sin (ix)=isinh x;}

1

", loglsin(x+iy)] 1I [sin? h2 2y sinh?y] + itan’ Cosxsinhy|
.. log[sin(x+iy)]=—log[sin” x cos +cos” x sin +itan"|T—————
& y 2 8 y y sinx coshy

{ log(x + iy) = Zlog(x? +y?) + itan™* |2}

1
Iog[sin(x+iy)]=EIog[sin2 x cosh’ y + cos” x sinh” y] + itan™|cot x tanh y|
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1
Taking Conjugate, log[sin(x — iy)]=zlog[sin2 x cosh? y + cos” x sinh? y] — itan™|cot x tanh y|

(i
Now, Iog[% = log [sin(x + iy)] — log[sin(x — iy)]

= {% log[sin2 x cosh2y + cos2 x sinh2 y] + itan — 1|cot x tanh y|} _

{%log[sinZ x cosh2y + cos2 x sinh2 y] - itan — 1|cotx tanhyl}

= 2itan™(cot x tanh y)

[sin(x+iy)

— Jitan-t
sin(x—iy)] = 2itan "(cot x tanh y)




